A new thresholding method, based on L-statistics and called order thresholding, is proposed as a technique for improving the power when testing against high-dimensional alternatives. The new method allows great flexibility in the choice of the threshold parameter. This results in improved power over the soft and hard thresholding methods. Moreover, order thresholding is not restricted to the normal distribution. An extension of the basic order threshold statistic to high-dimensional ANOVA is presented. The performance of the basic order threshold statistic and its extension is evaluated with extensive simulations.
1. Introduction. It is well known that, when testing against a highdimensional alternative, omnibus tests designed to detect any departure from the null hypothesis have low power. Neyman's (1937) truncation idea, though motivated by a different type of problem, served as the spring board for the development of modern related approaches. Soft and hard thresholding were introduced in the context of nonparametric function estimation using wavelets by Donoho and Johnstone (1994) . Johnstone and Silverman (2004) elaborate on a number of additional applications of thresholding including image processing, model selection, and data mining. Beran (2004) considered applications to the one-way ANOVA design. Spokoiny (1996) , Fan (1996) and Fan and Lin (1998) consider applications of thresholding methods to testing problems. Fan (1996) found that hard thresholding outperforms both soft thresholding and adaptive Neyman's truncation. This paper proposes a new thresholding method based on L-statistics, which is termed order thresholding. Order thresholding allows great flexibility in the choice of the threshold parameter, can be used for distributions other than the normal, and extends naturally to factorial design settings.
In the simple context where the X i are independent N (θ i , 1), i = 1, . . . , n, and we wish to test H 0 : θ 1 = · · · = θ n = 0 vs. H a : θ i = 0, for some i, the hard thresholding and order thresholding test statistics are, respectively,
where Y i = X 2 i , Y 1,n < · · · < Y n,n are the ordered Y i 's, c in = I(i > n − k n ), and δ n , k n are the corresponding threshold parameters. Thus, T L (k n ) is an L-statistic based on the largest k n squared observations. Conceptually, the connection between hard thresholding and order thresholding is similar to that between type I and type II censoring. The main difference being that the threshold parameters in type I and type II censoring (the cut-off point and the proportion of observations included, resp.) remain fixed, while in the present case they change with the sample size. As we will see, this distinction implies very different asymptotic behavior.
The idea behind both statistics in (1.1) is similar to that of Neyman's truncation. Namely, when the "signal" is known to be concentrated in a few locations, the accumulation of stochastic errors has a negative impact on the performance of the procedure based on the chi-square statistic
Since the signal locations are not known, the statistics in (1.1) attempt to minimize the accumulation of noise by focusing on the observations with the largest absolute values. The asymptotic theory for hard thresholding [Fan (1996) ] requires several restrictive conditions that prevent its general applicability. For example, the centering and scaling of T H (δ n ) in (1.1) are specific to the normality assumption and to the choice of δ n . Moreover, δ n is required to tend to infinity at a rate that is specific to the normality assumption. For example, δ n tending to infinity is clearly not appropriate if the X i have bounded support. (Below, we discuss an application to multiple testing where the X i are uniformly distributed.) Intuitively, if the signal is present in more locations, it is advantageous to lower the value of the hard threshold parameter. The advantage of allowing different values of the threshold parameter is amply illustrated in Johnstone and Silverman (2004) . However, the asymptotic theory of T H (δ n ) requires the threshold parameter to tend to infinity at specific rates. In particular, it must be of the form δ n = 2 log(na n ), where a n = c(log n) −d , for c > 0 and d > 0.5. Thus, if we let k H (δ n ) denote the random number of observations considered in T H (δ n ), the asymptotic theory of T H (δ n ) requires E[k H (δ n )] to converge to infinity at the rate of (log n) d log n + d log(c 1/d (log n) −1 ) or, roughly, (log n) d−0.5 . In contrast, the asymptotic theory of T L (k n ) allows the threshold parameter k n to tend to infinity at any rate.
While the asymptotic theory of T H (δ n ) allows some flexibility in the choice of δ n , the convergence of the distribution of T H (δ n ) to its limiting distribution is very slow unless c = 1 and d = 2 [Fan (1996) ]. The following tables show that small departures in the recommended value of d, while keeping c = 1, have significant effect on the level of the test. The results are based on 30,000 simulation runs.
To fully appreciate the results reported in Table 1 , we mention that for n = 500 the recommended δ 500 value is 5.1216, while the value δ 500 − 2 corresponds to c = 1 and d = 2.5474. We see that even with this small departure from the recommended value, the achieved alpha level is 0.0327 even with n = 500. To contrast these results with those of Table 3 for T L (k n ), note that in Table 3 with n = 500, k n ranges from 2 to 500, while in Table 1 with n = 500, the E[k H (δ n + h)] ranges from 38.63 for h = −2.0 to 11.81 for h = 0. Thus, the deterioration of the achieved alpha levels occurs as E[k H (δ n )] increases over a relatively small range (in each case, the variance of k H (δ n ) is slightly smaller than its expected value). In Table 2 with n = 500, the E[k H (δ n + h)] ranges from 9.39 for h = 0.4 to 3.80 for h = 2.0, and for this range of values the type I error rate does not change much. In both tables with n = 500, the variance of the binomial random variable k H (δ n + h) is slightly smaller than its expected value because P (Y i ≤ δ n + h) > 0.92 for −2.0 ≤ h ≤ 2.0. Finally, following a remark by the AE, we note that the slightly liberal α levels of the T L (k n ) statistic can be corrected by the use of a multiple of a χ 2 distribution to approximate its finite sample distribution. Thus, using the approximation
, where b and ν are chosen to match the mean and variance of T L (k n ), results in the type I error rates shown in Table 4 .
The greater flexibility in the choice of the threshold parameter that the order threshold statistic offers does not come at the expense of the rate with which it converges to its asymptotic distribution. To emphasize this aspect, Figure 1 presents the estimated densities of the hard thresholding (solid lines in the upper panel) and order thresholding test statistics (solid lines in the lower panel), based on 20,000 simulated values of each statistic using n = 200. The threshold parameters of the hard thresholding and order thresholding test statistics have been chosen so that the average number of observations included in the two statistics are the same in each column. We see that the estimated densities of the order threshold statistic are closer to the standard normal density (dash-dot line) than those of the hard threshold statistic. In particular, the estimated densities in the upper panel show the rapid deterioration of the quality of the normal approximation to the distribution of T H (δ 200 ) as δ 200 shifts away from recommended value of δ 200 = 2 log(200 log −2 200) = 3.9271. The remaining sections of this paper are organized as follows. In Section 2, we represent a special form of the order statistics using data from an exponential distribution and briefly review the methodology of Chernoff, Gastwirth and Johns (1967) . Section 3 develops the order threshold procedure for testing normal means in settings where the number of parameters Table 4 Type I error rates using the approximation TL(kn) increases with the sample size, presents simulation results comparing the hard thresholding, a power-enhanced version of the Simes (1986) , and order thresholding test statistics, and gives a recommendation for choosing the data-driven value of the threshold parameter. Section 4 extends the order thresholding test procedure to the high-dimensional ANOVA setting [called HANOVA in Fan and Lin (1998) ], presents simulation results comparing the power of the classical F and order threshold statistics, and gives a recommendation for a data-driven choice of the order threshold parameter. A discussion summarizing the developments is given in Section 5. Finally, the condensed proofs are given in the Appendix. For detailed proofs, see the archived supplemental material in Kim and Akritas (2010) . This is part of the Ph.D. dissertation of the first author.
2. From order statistics to order thresholding: An overview. In the late 1960s when the asymptotic theory of linear combinations of order statistics (L-statistics) was developed [cf. Bickel (1967) , Chernoff, Gastwirth and Johns (1967) , Shorack (1969) , Stigler (1969) ] the main emphasis was in the estimation of the location parameter. Therefore, the conditions in these papers do not yield automatically the asymptotic distribution of L-statistics that assign positive weight to only the largest order statistics. Such Lstatistics were considered by Nagaraja (1982) in his study of the selection differential for applications to outlier detection. Using results from Hall (1978) and Stigler (1973) , he obtained the asymptotic distribution in the extreme and quantile cases, respectively. Here, we will use the conditions from the paper of Chernoff, Gastwirth and Johns (1967) , CGJ1967 from now on. Their approach is based on a special representation of the order statistics from the exponential distribution, which we now review.
Let V 1 , . . . , V n be i.i.d. from the standard exponential distribution, let V 1,n < · · · < V n,n be the corresponding order statistics, and consider the order threshold statistic
The method of CGJ1967 for establishing the asymptotic distribution of T E,L (k n ) rests on the following well-known property [cf. David and Nagaraja (2003) , pages 17 and 18].
Lemma 2.1. The vector of order statistics (V 1,n , . . . , V n,n ) may be represented in distribution by
where
Thus, with T E,L (k n ) given by (2.1), it can be represented in distribution as
as a linear combination of the independent random variables V 1 , . . . , V n which enables the use of standard asymptotic results for establishing conditions for its asymptotic distribution. This is given, without proof, in the following.
Theorem 2.1. Let k n , n ≥ 1, be any sequence of integers which satisfies k n → ∞, as n → ∞, and k n ≤ n, and let T E,L (k n ) be given in (2.1). Then we have
In the case where the observations Y i , i = 1, . . . , n, come from a distribution function F , the CGJ1967 approach for obtaining the asymptotic distribution of the order threshold statistic
and G is the standard exponential distribution function, and the use of Taylor expansion to obtain: Lemma 2.2 [Chernoff, Gastwirth and Johns (1967) 
They then provide conditions under which Q F,n (k n ) is asymptotically normally distributed and the remainder term, R F,n (k n ), tends to zero in probability.
3. Single sequence of N (0, 1) random variables. In this section, we will apply the approach of CGJ1967 to develop order threshold test procedures for testing the simple hypothesis
based on a sequence of observations X i , i = 1, . . . , n, where X i ∼ N (θ i , 1). The asymptotic null distribution of the order threshold statistic given by (1.1) is derived in the next subsection, while simulation results comparing the power of the hard threshold statistic, a power-enhanced version of the Simes (1986) statistic, and that of order threshold statistics are presented in Section 3.2. The simulation results suggest that choosing the order threshold parameter equal to the number of the false null hypotheses maximizes the power. Section 3.3 presents a recommendation for a data-driven choice of the order threshold parameter using the idea of Storey (2002 Storey ( , 2003 .
3.1. The asymptotic null distribution. Let X i , i = 1, . . . , n, be standard normal random variables, and let
, and k n is the order threshold parameter. The approach of CGJ1967 is based on the representation
where V i,n , i = 1, . . . , n, are the ordered observations from an i.i.d. sequence of Exp(1) random variables, and
with F (y) = 1 √ 2π y 0 t −1/2 e −t/2 dt, y > 0, and
and the function f is the derivative of F . With this notation we have the following.
Theorem 3.1. Let Y i , i = 1, . . . , n, be a sequence of i.i.d. random variables having the central chi-squared distribution with 1 degree of freedom. Let k n , n ≥ 1, be any sequence of integers which satisfies k n → ∞, as n → ∞, and k n ≤ n. Let µ n (k n ) and σ 2 n (k n ) be as in (3.3) with c in = I(i > n − k n ), and let T L (k n ) be given in (3.2). Then we have
n (k n ) as k n tends to infinity with n.
3.2. Simulations. In this subsection, we compare the empirical power of the order threshold statistic using several values of the threshold parameter with those of the hard threshold and a power-enhanced version of Simes (1986) statistics. The original Simes multiple testing procedure rejects the global hypothesis,
where P (1) < · · · < P (n) are the ordered p-values of the individual hypotheses, and α is the desired level of significance. A power-enhanced version of the original Simes test procedure uses α/(1 − k opt n /n) instead of α, where k opt n is the number of false null hypotheses.
The simulations reported here use samples of size n = 500 generated from the normal distribution with variance 1. The threshold parameter k 500 of the order threshold statistics takes values of 15, 40, 70, 100, 200, 500, as well as a data-driven value, denoted by k opt 500 , whose description is given in Section 3.3. The empirical power using the approximation
is reported together with that using the normal approximation to T L ( k opt 500 ). The hard threshold statistic we consider uses the recommended value of the threshold parameter which is δ 500 = 2 log(500 log −2 500) = 5.1216. All results are based on 3000 simulation runs. Since the the global hypothesis H G 0 is the same for all three simulation settings, the type I error rates reported in the last row of Table 5 pertain also to Tables 6 and 7. Note that all achieved significance levels are below 0.06. The alternatives considered have 30 of the 500 mean values different from zero. In particular, we consider the following sequence of alternatives indexed by r:
where η j , j = 1, 2, . . . , is a given sequence. The following are examples with different values of η. Note that #(j : (0.0512, 1.4647, 0.4995, 0.7216, 0.1151, 0.2716, 0.7842, 3.7876, 0.1967, 0.8103, 0.4854, 0.2332, 0.5814, 0.3035, 1.7357, 0.9021, 0.0667, 0.0867, 0.8909, 0.1124, 2.8491, 1.0416, 0.2068, 2.6191, 1.9740, 1.5957, 1.6158, 0.5045, 1.3012, 1.6153) .
Note that #(j : 0 < η j ≤ 1, j = 1, 2, . . .) = 19, #(j : 1 < η j ≤ 2, j = 1, 2, . . .) = 8, #(j : 2 < η j ≤ 3, j = 1, 2, . . .) = 2, and #(j : η j > 3, j = 1, 2, . . .) = 1. (40)TL (70)TL (100) Example 3.3. In this example, the values of η j , j = 1, . . . , 30, are 2.0 and the rest are zero.
As expected, the power in each column decreases by increasing r because the number of θ with values different from zero (denoted by k opt 500 ) decreases. When the θ i with the large value such as 3.6832, 3.1236 (in Example 3.1) and 3.7876 (in Example 3.2) is excluded at the alternative, the large decrement in the power occurs. For each alternative, the statistic T L (15) or T L (40) achieves better power than the order threshold statistics with the other specified values of the threshold parameter. This is a consequence of the fact that the number of mean values that are different from zero never exceeds 30. Thus, less noise is incorporated in T L (k opt 500 ) than the other order threshold statistics. Note that with the chosen value of δ 500 = 5.1216, the hard threshold statistic uses, on average, 12 observations. Thus, it is rather surprising that the empirical power of the hard threshold statistic is always smaller than that of T L (15). In all three tables, the empirical power using the approximation T L ( k opt 500 ) · ∼ Φ is similar to that of T L (k opt 500 ), and always greater than the empirical powers of the hard threshold and Simes statistics. The empirical power using the approximation
ν is a little bit smaller than that using the normal approximation, however, it is still greater than the empirical powers of the hard threshold and Simes statistics. In Table 7 , for large number of the false null hypotheses the Simes statistic T S performs much worse than the hard threshold statistic, the order threshold statistic, and even the chi-square statistic T L (500). In all three tables, the power of T H (5.1216) is similar (though somewhat smaller) to that of T L (100). Finally, all order threshold statistics achieved higher power than the chisquare statistic T L (500).
3.3. Choosing k n . The simulation results and the discussion in the closing paragraph of Section 3.2 suggest that the power of T L (k n ) is largest when k n equals the number of mean values different from zero (denoted by k opt n ). As a data-driven choice of k n , we propose to use the estimate of k opt n suggested by Storey (2002 Storey ( , 2003 and Efron et al. (2001) , which is
where G n is the empirical cdf of P n = (P 1 , . . . , P n ), the P i 's are the p-values of the individual hypotheses, and λ is the median of the P i 's. The recommended lower bound log 3/2 n of k opt n (λ) was found to be preferable in the ORDER THRESHOLDING 13 simulations we performed. Interestingly, log 3/2 n equals the expected number of observations in hard thresholding with the recommended threshold parameter of δ n = 2 log(n log −2 n).
4. One-way HANOVA. Let the X ij , i = 1, . . . , a, j = 1, . . . , n, be independent N (θ i , σ 2 ), where the θ i and σ 2 are all unknown. Let α i = θ i − θ denote the "effect" of the ith group, and consider testing H 0 : α 1 = · · · = α a = 0 vs. H a : H 0 is false. Akritas and Papadatos (2004) show that the asymptotic power of the optimal invariant ANOVA F test equals its level of significance even when α → ∞, as a → ∞, with α 2 = o( √ a). Because the power of the chi-square statistic (1.2) has a similar property [Fan (1996) ], an extension of the order thresholding to the one-way HANOVA setting is expected to result in similar gains in power over the ANOVA F test. In Section 4.1, we extend the applicability of order thresholding to the one-way HANOVA context, while Section 4.2 illustrates the improved power of order thresholding via simulation. Finally, using the idea of Storey (2002 Storey ( , 2003 and the simulation results, we present a recommendation for a datadriven choice of the order threshold parameter in Section 4.3. 4.1. Order thresholding in one-way HANOVA. The classical F statistic is given by
differs from the chi-square statistic (1.2) only in that the random variables which are being summed are not independent, and their distribution is not χ 2 1 . Set
Thus, Threshold versions of (4.2) are of the form
, and k a is the order threshold parameter. For suitable centering and scaling constants, µ a (k a ) and σ a (k a ), the asymptotic theory of T L (k a ) will use the decomposition
The two components in (4.4) are independent, so it suffices to show the asymptotic normality of each one separately. To deal with the first component, let θ 0 denote the common value of the θ i under H 0 and write
Our approach for obtaining the asymptotic distribution of a i=1 c ia Z 2 i,a is to first derive its asymptotic distribution treating the t in (4.5) as fixed, and then to show that the convergence is uniform over all values of t bounded by any positive constant M . By Slutsky's theorem, the asymptotic distribution of the first component of (4.4) is the same as that of a i=1 c ia Z 2 i,a . The asymptotic distribution of the second component of (4.4) is easily derived since
and, as it will be shown in lemmas described in Section 4.1.3, µ a (k a )/ σ a (k a ) → µ r /σ r , provided that k a /a → r for some 0 ≤ r ≤ 1 and k a → ∞, as a → ∞.
4.1.1. Asymptotic distribution when t is fixed. When t is fixed, we set
where Z 2 t,(1) < · · · < Z 2 t,(a) are the order statistics of Z 2 t,1 , . . . , Z 2 t,a . [Note that for t as defined in (4.5), Z t,i becomes Z i .] It follows that the Z 2 t,i are independent χ 2 1 (t 2 /a) so that their density and cumulative distribution functions are given by
respectively, where
. With this notation we have the following lemma.
Lemma 4.1 [Chernoff, Gastwirth and Johns (1967) ]. Let T t L (k a ) and µ t a (k a ) be as defined in (4.6) and (4.7), respectively. Let V 1 , . . . , V a be i.i.d. from Exp(1) random variables and let V 1,a < · · · < V a,a be the corresponding order statistics. Then a −1 T t L (k a ) can be decomposed as
Theorem 4.1. For any fixed value of t, let Z 2 t,i , i = 1, . . . , a, be a sequence of i.i.d. random variables having the noncentral chi-squared distribution with 1 degree of freedom and noncentrality parameter t 2 /a. Let k a , a ≥ 1, be any sequence of integers which satisfies k a → ∞, as a → ∞, and k a ≤ a.
Let µ t a (k a ) and (σ t a (k a )) 2 be as in (4.7) with c ia = I(i > a − k a ), and let T t L (k a ) be given in (4.6). Then we have
4.1.2. Uniformity of the convergence in distribution. This subsection shows that the distribution function of (4.9) converges to the standard normal distribution uniformly on |t| < M .
Lemma 4.2. Consider the setting of Theorem 4.1. Let H a,t be the distribution function of
is given in (4.8), and let Φ be the standard normal distribution function. Then, for any M > 0,
Lemma 4.3. Consider the setting of Theorem 4.1, and let R t a (k a ) be as given in Lemma 4.1. Then, for any M > 0,
Lemma 4.4. Consider the setting of Theorem 4.1. Let F a,t be the distribution function of T t L * (k a ) given in (4.9) and let Φ be the standard normal distribution function. Then, for any M > 0,
Theorem 4.2. Let k a , a ≥ 1, be any sequence of integers which satisfies k a → ∞, as a → ∞, and k a ≤ a. For t as defined in (4.5), let Z i , µ a (k a ) and ( σ a (k a )) 2 be as in (4.6), (4.7), respectively. Then we have
where Z 2 1,a < · · · < Z 2 a,a are the ordered Z 2 i 's and c ia = I(i > a − k a ).
4.1.3. Asymptotic normality of the order threshold statistics. In this subsection, it is first shown that µ t a (k a ) and σ t a (k a ) converge to µ 0 a (k a ) and σ 0 a (k a ), respectively, uniformly on |t| < M . This fact is then used in Theorem 4.3 for obtaining the asymptotic normality of the order threshold statistic given in (4.3).
Lemma 4.5. Let k a , a ≥ 1, be any sequence of integers which satisfies k a → ∞, as a → ∞, and k a ≤ a. Let (σ t a (k a )) 2 and (σ 0 a (k a )) 2 be as in (4.7) with any t and fixed value of t = 0, respectively. Then, for any M > 0,
Lemma 4.6. Let k a , a ≥ 1, be any sequence of integers which satisfies k a → ∞, as a → ∞, and k a ≤ a. Let µ t a (k a ), µ 0 a (k a ) and (σ 0 a (k a )) 2 be as in (4.7) with any t, fixed value of t = 0, respectively. Then, for any M > 0,
Lemma 4.7. Let µ 0 a (k a ) and (σ 0 a (k a )) 2 be as in (4.7) with the fixed value of t = 0. Then, provided that k a /a → r for some 0 ≤ r ≤ 1 and k a → ∞, as a → ∞, we have Remark. If r = 1, then
From Theorem 4.2 and lemmas described earlier in this subsection, we can obtain the following theorem. Theorem 4.3. Let µ 0 a (k a ), (σ 0 a (k a )) 2 , µ r , and σ 2 r be as in Lemma 4.7, and let T L (k a ) be given in (4.3). Then, provided that k a /a → r for some 0 ≤ r ≤ 1 and k a → ∞, as a → ∞, we have Fig. 2 . Estimated densities of TL(k500) for a = 500, n = 3, and k500 = 22, 105 and 229.
4.2.
Simulations. In this subsection, we compare the performance of the classical F statistic, given in (4.1), and the order threshold statistics T L (k a ), given in (4.11).
We remark that Fan and Lin (1998) applied the thresholding methodology to the problem of comparing I curves with data arising from the model X ij (t) = f i (t) + ε ij (t), t = 1, . . . , T, j = 1, . . . , n i , i = 1, . . . , I. Their asymptotic theory pertains to the case where the number of curves which are compared, I, remains fixed, while T and the sample sizes n i tend to infinity. This problem is fundamentally different from that considered here, and their procedure is not a competitor to ours. Figure 2 presents the estimated densities of T L (k 500 ) (solid line) and the density of the limiting normal distribution (dash-dot line). The estimated densities are based on 20,000 simulated values, using a = 500 and n = 3, when the threshold parameter k 500 takes the values of [a 1/2 ] = 22, [a 3/4 ] = 105, and [a 7/8 ] = 229. It can be seen that the approximation is quite good especially for k 500 = 105 and 229. Similar figures (not shown here) with different values of n suggest that the rate of convergence of the order threshold statistic to its limiting distribution is mainly driven by a, not n.
The results reported in Table 8 are based on 20,000 simulation runs. As expected, the distributions of T L (k a ) converge to the normal distribution function and the achieved alpha levels are close to the true value of 0.05. Thus, the asymptotic theory of the order threshold statistics provides a good approximation. More exactly, when the number of groups are larger than 200, all order threshold statistics are robust for the 0.05 significance level. In particular, the achieved alpha level of T L (k 1000 ) is 0.0507 when a = 1000, n = 5, and k 1000 = [a 7/8 ] = 421.
From now, we compare the empirical power of T L (k 1000 ) using several values of the threshold parameter with that of the classical F statistic. The simulations use samples of size a = 1000 and n = 5 generated from the normal distribution with variance 1. The threshold parameter k 1000 is 20, 50, 100, 250, 500, and 1000. All results are based on 20,000 simulation runs. The alternatives here have 20 of the 1000 θ i values different from zero. In particular, we consider the following sequence of alternatives indexed by r: Note that #(j : 0 < η j ≤ 1, j = 1, 2, . . .) = 12, #(j : 1 < η j ≤ 2, j = 1, 2, . . .) = 6 and #(j : η j > 2, j = 1, 2, . . .) = 2. As expected, the power in each column decreases as r increases and T L (20) has the highest power. Since the number of θ i 's that are different from zero does not exceed 20, T L (20) minimizes the accumulation of noise, compared to the other order threshold statistics. For each alternative, the largest power differences between F 1000 and T L (20) are about 0.5 (alternative H 13 in Table  9 ) and 0.54 (alternative H 12 in Table 10 ). In both tables, the power of T L (1000) is similar to that of F 1000 because T L (1000) is a standardized version of F 1000 . Finally, all order threshold statistics achieved higher power than the classical F statistic F 1000 .
4.3.
Choosing k a . The simulation results and the discussion in the closing paragraph of Section 4.2 suggest that choosing k a equal to the number of groups with nonzero effects, k opt a , maximizes the power. Our recommendation for the choice of the threshold parameter is based again on the idea of Storey (2002 Storey ( , 2003 for enhancing the power of Simes statistic for testing the constructed set of hypothesis testing problems H (i) 0 : θ i = X ·· , i = 1, . . . , a, where X ·· is the overall sample mean. The p-value for each hypothesis is approximated by 
where X i· is the sample mean from the ith group and S 2 p is the pooled sample variance. The power-enhanced version of the Simes statistic (4.12) where G a is the empirical cdf of P a = (P 1 , . . . , P a ), P (1) < · · · < P (a) are the ordered P i 's, and λ is the median of the P i 's.
The simulation results shown in Table 11 suggest that the power of T L ( k 5. Discussion. The asymptotic theory of test statistics based on hard and soft thresholding pertain the normal distribution and require the threshold parameter to tend to infinity at a strictly prescribed rate. This second feature results in potentially compromised power of the hard threshold statistic.
Order thresholding, a new thresholding method based on order statistics, is proposed. The asymptotic theory, developed under the normal distribution in this paper, allows great flexibility in the choice of the threshold parameter. A data-driven choice of the order threshold parameter is given. An extension to a one-way HANOVA setting is presented. Simulation studies with normal data suggest that order thresholding can have great power advantage over hard thresholding. Additional simulations with data generated under a oneway HANOVA design suggest even larger power gains over the traditional ANOVA F -test.
Applications of the order thresholding approach to testing for the uniform distribution, and to multiple testing problems will be pursued in a follow-up paper.
The proofs of the present lemmas can be found in the archived supplemental material in Kim and Akritas (2010) .
A.1. Some auxiliary results.
Lemma A.1. Let U i,n , i = 1, . . . , n, be order statistics from the uniform distribution in (0, 1), and set V i,n = − log(1 − U i,n ). For any 0 < ε < 1 and some 1 − log(n − n 2 log(
Lemma A.2. Let u jn (ε) and u jn (ε) be given in Lemma A.1. Then, the sequences of constants u jn (ε) and u jn (ε), j = 1, . . . , n, satisfy the relation
Remark. Assume that 1 − n −δ(n) → 0, as n → ∞. Then, the sequences of constants u jn (ε) and u jn (ε), given in Lemma A.1, satisfy the relation sup 1≤j≤n (u jn (ε) − u jn (ε)) = o(1) (cf. Glivenko-Cantelli theorem).
Remark. If we take all u jn (ε) and u jn (ε) from the Kolmogorov's inequality, then u jn (ε) = 1 − e −ν jn + √ 2/ε and u jn (ε) = 1 − e −ν jn − √ 2/ε , j = 1, . . . , n. Under these settings, sup 1≤j≤n (u jn (ε) − u jn (ε)) = o(1). Also, the positive function R(j), defined in Lemma A.4, is not increasing on 1 ≤ j ≤ n. Lemma A.3. Letν jn be given in Lemma A.1, and let ν jn = − log(1 − j/(n + 1)), j = 1, . . . , n. Assume that 1 − n −δ(n) → 0 and n 1/2 (1 − n −δ(n) ) → ∞, as n → ∞. Then, the sequences of constants v jn (ε) and v jn (ε), given in Lemma A.1, satisfy the relations
where K(ε) is independent of n.
Lemma A.4. Let v yn (ε) and v yn (ε), 1 ≤ y ≤ n, be given in Lemma A.1, and letH = F −1 • G, where F is the central chi-squared distribution function with 1 degree of freedom and G is the standard exponential distribution function. Then,
is increasing on 1 ≤ y < n 1−δ(n) . Moreover, for sufficiently large n, R(y) is also increasing on n 1−δ(n) ≤ y ≤ n.
A.2. Proof of Theorem 3.1. We need to check Assumptions A, B and C of CGJ1967. We use the original forms of Assumptions A and C (restate below for convenience), but a slightly stronger version of Assumption B. [Note that the simultaneous bounds of the exponential order statistics, v jn (ε) and v jn (ε) used in Assumption B, are different from those in CGJ1967.]
Assumption A:H(v) is continuously differentiable for 0 < v < ∞. Assumption B : For each ε > 0,
where v jn (ε), v jn (ε), andν jn are given in Lemma A.1.
Assumption A is clearly satisfied. To verify Assumption C, use Lemma A.4(1) to write
Suppose first that k n /n → 0 as n → ∞. Then n j=n−kn+1
so that (A.2) tends to zero and Assumption C is satisfied in this case. Next, suppose that k n /n → r as n → ∞, for some 0 < r ≤ 1. Using the approximation (2.9) of CGJ1967, that is,ν jn ≃ ν jn = − log(1 − j/(n + 1)), it follows that 1 n n j=n−kn+1
so that Assumption C is also satisfied. To show Assumption B, we use Lemmas A.4(1) and A.3 to write sup
where the inequality is justified by the fact thatH ′′ is a decreasing positive function [Lemma A.4(2) ]. We need to prove that (A.3) tends to zero as n → ∞. Suppose first that k n /n → 0, as n → ∞. Divide numerator and denominator of (A.3) by k 1/2 n and consider first the numerator. Then,
This inequality is justified by Lemma A.4(5) , and the fact that n 1/4H ′′ (v nn (ε)) tends to zero. Suppose that k n ≥ n 2 log( 58 ε ) and k n /n → 0, as n → ∞. Set a n = n 1−δ(n) − 1 and
n . Using Lemmas A.4(5) and A.3, we have
Since (n − a n + 1)/n 1/2 → ∞ as n → ∞, using a one-term Taylor expansion we have v an,n (ε) − v an,n (ε) ≈ √ 2n log(58/ε)−1
).
ORDER THRESHOLDING

27
Thus, we have
where it is justified by Lemma A.4(2) and the fact that v an,n (ε) tends to infinity. From Lemma A.4(2), the second term of (A.5) tends to 0 as n → ∞. Moreover, the first term of (A.5) tends to 0 as n → ∞ (even b n = n − n 1/4 ). Since also (
3) tends to zero and Assumption B is satisfied when k n /n → 0 as n → ∞. Next, we suppose that for some 0 < r ≤ 1, k n /n → r as n → ∞. Divide numerator and denominator of (A.3) by n 1/2 and consider the numerator and denominator separately. Since
which can be obtained by breaking up the summation first for j = n − k n + 1 to n 1−δ(n) − 1, n 1−δ(n) to n − n 1/4 , and lastly n − n 1/4 + 1 to n with 1 − log(n − n 2 log( 58 ε ) + 1)/ log n ≤ δ(n) < 1 − log(n − n 13/16 + 1)/ log n, and ( 1 n n j=n−kn+1 {H ′ (ν jn )} 2 ) −1/2 < ∞, the term (A.3) converges to 0 as n → ∞ in this case. Thus, Assumption B holds for both cases. Since Assumptions A, B and C of CGJ1967 are satisfied, the proof is done.
APPENDIX B: PROOF OF THEOREM 4.1
B.1. Some auxiliary results.
Lemma B.1. For any 0 < ε < 1 and some δ(a) which satisfies 1− log(a− a 2 log(
, where G a,M is the noncentral chi-squared distribution function with 1 degree of freedom and noncentrality parameter M 2 /a. Then,
Note that B a,M is a decreasing positive function, B a,M (v) → 0 as v → ∞ and a → ∞, and J a,M is bounded by M 2 /(2a).
The positive function
is increasing on 1 ≤ y < a 1−δ(a) . Moreover, for sufficiently large a, R M (y) is also increasing on a 1−δ(a) ≤ y ≤ a.
Lemma B.2. Consider the setting of Lemma B.1. Let g a,0 and g a,M be the density functions of χ 2 1 (0) and χ 2 1 (M 2 /a), respectively. Set y a,0 = H a,0 (v aa (ε)) = G −1 a,0 (1−e −vaa(ε) ) and y a,M =H a,M (v aa (ε)) = G −1 a,M (1−e −vaa(ε) ). Then, 1. y a,M is bounded by (2 log(a + 1) − 2 log( π/2) + 2 log(e M/(2 √ a) +
2a C a,M , where C a,M is defined in the proof. In particular, C a,M = O(y a,M ). 4. a 1/4 (y a,0 /y a,M − 1) → 0 and a 1/4 (g a,0 (y a,0 )/g a,0 (y a,M ) − 1) → 0, as a → ∞.
). From Lemmas B.1(1), B.1(2) and B.2(6), we obtain that a 1/4 B a,M (v aa (ε)) → 0, as a → ∞. 
Remark. From Lemmas B.1(1), B.1(2), and B.3(6), we obtain that
B.2. Proof of Theorem 4.1. For simplicity, letH a,t (v) = G −1 a,t (1 − e −v ). Then
Let us check Assumptions A, B and C of CGJ1967, which we restated in the proof of Theorem 3.1. For given any |t| < M , Assumption A is clearly satisfied. Next, it is easily verified that for any fixed values of a and v,H ′ a,t (v) increases as |t| increases. Thus, α t ia (k a ) and σ t a (k a ) increase as |t| increases. Let us check Assumption C: for given any |t| < M ,
provided that k a → ∞, as a → ∞. It is justified by the facts that
is bounded [Lemma B.1(1)] and a j=a−ka+1 {H ′ a,0 (ν ja )} 2 → ∞ as k a tends to infinity with a. (It was shown in the proof of Theorem 3.1 because it becomes the central chi-square case when t = 0.) In order to verify Assumption B, it suffices to show that
where v ja (ε), v ja (ε), andν ja are given in Lemma B.1. Using Lemma B.1(2), we write
with some v * ja ∈ (v ja (ε), v ja (ε)). From the above inequality, we have
To show that (B.2) tends to zero, we use Lemmas B.1(1) and A.3 to write 
where 1 − log(a − a 2 log( ), the term (B.1) also tends to zero and Assumption B is satisfied in this case. Lastly, we suppose that for some 0 < r ≤ 1, k a /a → r as a → ∞. Divide numerator and denominator of (B.1) by a 1/2 and consider the numerator and denominator separately. From Assumption B and Proposition 2 of CGJ1967, we have (k a ) ). Also, it is easily verified that σ M a (k a )/σ 0 a (k a ) = O(1) (Lemma 4.5), provided that k a → ∞ as a → ∞. Consequently,
= o p (1).
C.1.3. Proof of Lemma 4.4. We have already proved that for given any From Lemma 4.4, any given δ 2 > 0, there exists a 0 such that
for all a > a 0 .
for all a > a 0 . Take ε/2 = max{δ 1 , δ 2 }. Then
Thus, provided that k a → ∞, as a → ∞, we have D.1.1. Proof of Lemma 4.5. We need to show that
provided that k a → ∞ as a → ∞. Suppose first that k a /a → 0 as a → ∞. Since a/k a σ 0 a (k a ) > 0, it is enough to show that a/k a (σ M a (k a ) − σ 0 a (k a )) → 0, as a → ∞. We first have a(σ M a (k a )) 2 ≤ (k a (2 − k a /a)){max a−ka+1≤j≤aH ′ a,M (ν ja )} 2 and a(σ 0 a (k a )) 2 ≥ (k a [1+k a (a−k a )/((a+ 1)(k a + 1))]){H ′ a,0 (ν a−ka+1,a )} 2 . Consequently, we obtain
− 1 + k a (a − k a ) (a + 1)(k a + 1) {H ′ a,0 (ν a−ka+1,a )} → 0 as a → ∞. Next, we suppose that for some 0 < r ≤ 1, k a /a → r as a → ∞. Then σ 0 a (k a ) > 0, so we need to prove that σ M a (k a ) − σ 0 a (k a ) → 0, as a → ∞. We observe that 
